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Motivation
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Measure (Probability) theory everywhere(!

Non-constructive proot
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Measure Change of variables

Measurable set Fourier transtorm

Measurable function L.*p spaces |

! Lebesgue integral convergence of

, measure |
Radon-Nikodym

theorem conditional measure
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< A property holds j

almost surely (or almost everywhere)

< A property holds for a (suthciently) random point

< differentiable

< Birkhott’s ergodic theorem
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Computably measurable set




* 0, 1] with the Lebesgue measure p “
i Sanin 1968(!), Edalat 2009, Hoyrup& Rojas 2009, Rute j
B: the set of Borel subsets jn
d(A, B) = un(AAB)

B|: the quotient of Bby A~ B «<— d(A,B) =0
U: the set of finite unions of intervals with rational endpoints 1
Theorem (Rojas 2008) i
(|B],d,U) is a computable metric space




For a subset A C |0,1], |A] € |B] is a computable point in |
| the space if there exists a computable sequence {B,,} of U
| such that d(A, B,) < 2™" for all n.

Naive definition

A is a computably measurable set if [A] is a computable |

f
i point in the space.
| Remark
| Essentially the same idea is used in Pour-El & Richard i
|
i (1989). &
e S e s D S e LR e atire Al gt o b s sl -J.Z:;:;.‘..‘-""“"‘.“""""“”""""j\..\...,...,.._,.‘,.',.,;...-;‘,:_:_, h..-.,.,,:




< Sanin or Edalat didn’t study

< Hoyrup-Rojas did for Martin-1.of randomness

< Rute did for Schnorr randomness but not fully
eftective

e e e g R e e I S

B e e e N e R TR




Observation (Implicit in Pathak et al., Rute and M.)

The following are equivalent for x [0, 1]:

| 1. x is Schnorr random, i
2. lim,, B,,(z) exists for each computable sequence { B,,} |
| |
i :
in U such that
| d(Bpn+1,Bn) < 27" I
! I
| for all n. i
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Possible definition |

Let {A,} be a computable sequence of U such that

bty 2l e i

for all n. The set A defined by

lim,, A,(x) if  is Schnorr random

' 0 otherwise.

is called a computably measurable set.

A
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i This idea is similar to f in Pathak et al. and Rute.
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| Definition (M.) |
! : : : | |
i A set A is called a computably measurable set if there is a |
| computable sequence {A,} of U such that d(A,11,A,) < |
| 27" for all n and A(z) is equivalent to lim, A,(z) up to |
|
i Schnorr null.
i %
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D efinition (Schnorr 1971)

A Schnorr test is a sequence { U, } of uniformly c.e. open sets |

. such that u(U,) < 27" for each n and p(U,) is uniformly

computable. A point x is called Schnorr random if x

U, for each Schnorr test.

e i e g oyl o

' For each Schnorr test {U,}, theset U, is called a Schnorr

null set. §
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| Proposition |
| For each Schnorr null set N, there is a computable point z 4
! that is not contained in N. |
£
55 i
! Definition |
: A and B are equivalent up to Schnorr null if AAB is con- |
i
| tained in a Schnorr null set.
! Remark i
i Equivalence up to Schnorr null is a stronger notion than i
i
| equivalence for all random points.




Definition (M.)

i A set A is called a computably measurable set if there is a |
| computable sequence {A,} of U such that d(A,11,A,) < |
{ 27" for all n and A(x) is equivalent to lim, A,(xz) up to |
! Schnorr null.
| 1
i §
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Possible definition |

Let {A,} be a computable sequence of U such that

bty 2l e i

for all n. The set A defined by

lim,, A,(x) if  is Schnorr random

' 0 otherwise.

is called a computably measurable set.

A
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i This idea is similar to f in Pathak et al. and Rute.
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| Usual definition .
| A is computably measurable set if [A] is a computable point, |
% that is, there is a computable sequence { A,,} of U such that |
|

Sometimes called effectively measurable set or u-recursive

3

1

1 sets
F
[
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Proposition |
|
Every computable measurable set has a computable mea- |

Sure. ri

Proposition

Let A, B be computable measurable sets.
Then so are A, AU B and AN B.
Furthermore, (AAB) = 0 iff A and B are equivalent up to |

Schnorr null.




1 This approach is used in Edalat and Hoyrup & Rojas.
Proposition The following are equivalent for a set A: j
(i) A is a computably measurable set A. 1

(ii) There are two sequences {U,} and {V,,} of c.e. open

sets such that

Vo ARk

i |

wU, nV,) < 27" and u(U, nV,) is uniformly com- }

putable for each n. i
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| Proposition |
|

Let ¥ C R be a measurable set. 1

| |
(i) For any € > 0, there is an open set O O FE such that

§

(ii) For any ¢ > 0, there is a closed set F' C F such that :

;

m(E\ F) < e.

(iii) There is a G € Gs such that £ C G and m(G\ E) = 0.
(iv) Thereisa F' € F, such that E O F and m(FE\F) =0
Furthermore, if m(E) < oo, then, for any € > 0, there is a |

|

finite union U of open intervals such that m(UAFE) < e.
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Proposition

The following are equivalent for a set A:

(i) A is a computably measurable set A.

(ii) A has a computable measure and is equivalent up to

Schnorr null to (), U, for a decreasing sequence {U, }

of uniformly c.e. open sets such that pu(U,) is uni-

formly computable.
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Definition (M.)
{ A function f :C X — Y is Schnorr layerwise computable it |
| there exists a Schnorr test {U,} such that |

_l
flx\v., |
|

is uniformly computable. |

Proposition

The following are equivalent for a set A:

(i) A is a computably measurable set,

o g oy AP iy

(ii) A:1]0,1] — {0,1} is Schnorr layerwise computable.
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computably measurable function




Definition {

| A function f : X — Y is measurable if f~1(U) is measurable

for each open set U.

Theorem (Lusin’s theorem)

| A function f : [0,1] — R is measurable iff, for each ¢ > 0,
| there is a continuous function f. and a compact set K. such
[ that u(K¢) < e and f = f. on K. 1
|




Definition (M.) |
i A function f : [0,1] — R is computably measurable if

f~Y(U) is uniformly computably measurable for each

interval U with rational endpoints. i
I3 4
| Theorem (M.)
| A function f : [0,1] — R is computably measurable iff |
1 §
| .
! Schnorr layerwise computable. |
! |
|
I
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Measure Change of variables

Measurable set Fourier transtorm

Measurable function L.*p spaces |

! Lebesgue integral convergence of

, measure |
Radon-Nikodym

theorem conditional measure
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